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line running down the stack is the group of 24 pipes leading to the pressure
gauge and the holes are located about 2 feet above the top of the pipes.
The stack at this point is 11.8 feet in diameter.

Space does not permit any detailed statement or comparison of the
results. A full account of the work is given in Research Paper 221 appear-
ing in the September, 1930, issue of the Bureau of Standards Journal of
Research. The general conclusions drawn from the tests may be stated as
follows:

1. The wind pressure on a chimney at a given wind speed is a function
of the ratio of the height of the chimney to its diameter and possibly also
of the roughness of its surface.

2. Experiments on small cylinders cannot be directly used to predict
the wind pressure on a full scale chimney because of the large scale-effect.

3. A wind pressure corresponding to 20 lbs. per square foot of pro-
jected area at a wind speed of 100 miles per hour is a safe value to use in
designing chimneys of which the exposed height does not exceed 10 times
the diameter.

4. The pressure may reach large values locally and this may need
consideration in the design of thin-walled stacks of large diameter.

5. Further experiments are necessary to obtain satisfactory information
as to the variation of wind pressure with the ratio of height to diameter.
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A projective geometry of paths was formulated first by T. Y. Thomas,!
and included the definition of a type of projective normal coordinates.
Veblen and J. M. Thomas? proposed a system of such coérdinates as
solutions of a certain system of partial differential equations in # dependent
variables. In §41 of my Non-Riemannian Geometry? I showed that the
determination of these codrdinates could be reduced to the solution of a
differential equation in one dependent variable. It is the purpose
of this note to give this equation another form and thence obtain the
explicit form of the expressions of general coérdinates in terms of projec-
tive normal codrdinates.

1. Consider an n-dimensional space V, of codrdinates . We take
as the basic elements of V, the paths, that is, the integral curves of the
system of differential equations.
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where T%, are functions of the x’s, and without loss of generality we take
Ty = Tj.. Throughout the paper we use the convention that when
the same index appears as a subscript and superscript in a term, as in the
case of k above, this term stands for the sum of terms as the index takes
the values 1 to #. The independent variable ¢ in (1.1) is a general one and
equations (1.1) retain this form for any independent variable.
In order that a second set of functions f‘}:k define the same paths, we
have on subtracting (1.1) from similar equations in the T’s,

Ab, o’ do dod _

0, A, = &, (T4 — Th) — & (Th — Th).
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Since these equations must be satisfied for every path, we must have
Afy + Ay + Aflp = 0. (1.2)
Contracting these equations for 7 and %, we have

1 . —; 1 L — —
Ty — —— @iTh + 8 Th) =Th — (kTh + 8iTh).  (1.3)
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When these conditions are satisfied, so also are. equations (1.2). If we
define functions =}; by

. 1 ; i
wy = Th — (8iT% + 8iThw), (1.4)
n+1

. then the equations of the paths may be written
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From (1.4) we have .
7y = 0, ' (1.5)
and from (1.3) we obtain 7% = 7. The functions %, which accord-

ingly are independent of the choice of the I'’s subject to the relations (1.3),
we call the projective coefficients of connection, following T. Y. Thomas.!

When the codrdinates x° are subjected to a general analytic transforma-
tion into codrdinates x* and the equations of the paths in the new co-
ordinates are written

Ii 2Ij Ik I 21" ,dxlkdll
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di? dt dt ds? dt dt
it can be shown? that the I's and T 's are related by the equations
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where =, are defined in terms of Iy by equations of the form (1.4), and
where we have put

ox’

Ox

0 = 1 log A, A=
n+1

1.7

that is, A is the jacobian of the transformation.

For a coordinate system x' a parameter x can be chosen for each path

so that the equations of the path are

ax’ dx’ dx*

— 4+ = 0. 1.8

dx? *dx dx (1.8)
We call x the projective parameter of the path for the x’s, following T. V.
Thomas.! By means of (1.6) we show that the projective parameter x’
for the same path in the cobrdinate system x* is given by

2 = Ji7F e¥dx. (1.9)

We consider all the paths through a point P of coérdinates x} and with-
out loss of generality we choose the parameter x so that x = Qat P. If we
assign codrdinates y* at points of each path through P by means of the

equations )
. k]
y = (d_x) x, (1.10)
dx/o
we find,* on expanding the solution of (1.18) as power series, that
, . A 1 .
x’ = x:) + y’ bl 'é' (r}k)oy]yk. . = ; (le_._j,)o ij_ . 'yjr + ey (1.11)

where the functions r},, ..j» are determinate functions of w}k and their
derivatives of order » — 2 at most, and where ( ), indicates the value
at P.

Thus equations (1.11) are the equations of transformation of codrdinates
x* and y*. These equations obtain within a domain about P such that no
two paths through P, which lie entirely within the domain, meet again in
the domain.

The transformation (1.11) belongs to the class of transformations of co-
ordinates related to the x’s by equations of the form

=x+y - (w)y’s* + &, (1.12)

where ¢ are functions of the y’s which with their first and second de-
rivatives vanish when the y’s are zero. We have called any set of y’s so
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defined projective coérdinates,® and have shown that because of (1.5) we
have

0

(—e log A) =0, (1.13)
y 0

. .o |0
where A is the jacobian b—y .
From (1.10) we have

dzyi dy‘ yi

— =0,= ==, 1.14

dx? dx x (114)

If we denote by 7% the projective coefficients in the y’s and remark that -
x is not the projective parameter for the y’s, it follows from equations of
the form (1.1’) in the y’s and from (1.14) that

ijy] y wjkyj y (1.1 5)
¥ 4
Expressing the x’s as functions of the y’s, we have that equations (1.8)

reduce to -
o’ bx j
(b o + = hl ) Y =0,

which because of equations of the form (1 6) are reducible to

<7r,1ky y + 2yh >bxh =

where 6 is given by (1.7) with A = ‘Sy—l Since A is not equal to zero,

these equations are equivalent to

_h ik 00
Thylyt = — 29 —— 7. (1.16)
’ oy’
2. If ¢ is any function of the y’s and we put
i
. de ;
z' = ’y‘: ',/ = ¢ — 'ﬁ"y’ (2'1)
¢ oy
we have ,
oz’ J y‘ oY %
—y =y, — 9y = — ——— Y, 2.2
2? ~? il by.by,yy’ (22)
% i _ Y ( [ Q¢ k)
2yt =L oy — 29 S 9F). (2.3)
0y'%y* ¢\ oy %"
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If A denotes the jacobian.l — |, we find that®
— v - 1 v
A= , 0= lo . 2.4
st nt1 e s (24)

Denoting by P, the projective coefficients in the 2’s, we have from (2.3),
from equations of the form (1.6) in the 2’s and y’s, and from (1.16)

ff%ﬂm@“ma+w+4)ﬁfiw=a

where A = l-aﬁ‘ Hence, if we choose the function ¢ so that

oy
o= 200 TS, (2.5)
| oy’
we have for the codrdinates 2* the equations
;:k ZJ 2-}2 = 0. (2.6)

Because of (1.5) it follows from (1.11) that A is of the form
A=1 +a;jy‘yj+ . e

2
Consequently, AI=* is of the form
2

AT =149y + . by

and this expansion holds for the domain about P within which-A ¥ 0.
A solution of (2.5) is given by

"; = 1 - (btjy‘yj + P + ;‘—];—ib‘-l“.‘.'y‘.l ,,,y‘r-l- ..). (2-7)

Making use 6f (1.10) we see that along each path through P the domain of
convergence of the right-hand member of (2.7) is the same as for the above
2

expression for Ai=#, Consequently these two expansions have the same
domain. :
From the form of equation (2.5) it follows that the general solution of
this equation is
=90+, (2.8)

where 7 is an arbitrary homogeneous function of the first degree in the
y’s. At P we have (¢)o = 1 whatever be 7. Then from (1.11) and (2.1)
we have
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If any solution ¢ of (2.5) is used in (2.1) to define coérdinates 2* and we
define a parameter s for each path by

z = z (2.10
- (P’ . )
we have, in consequence of (1.14) and (2.2),
ds ¢ di _dy
e _y 9 _oy 2.11
dx ¥ dz dx (2.11)
and because of (1.14)
d
= 0. 2.12
7 (2.12)

In view of this result and (2.6) we have that z defined by (2.10) is the pro-
jective parameter for the codrdinates z°. Since (¢)o = 1 and (¥)o = 1,

_ as follows from (2.5), we have from (2.11) that (‘% = 1. Conse-
x/ 0

quently we obtain from (1.10), (2.1) and (2.10)

; dx’ v
=) 2. 2.13
2 ( = )02 (2.13)

If for any solution ¢ of (2.5) equations (2.1) are solved for the ¥’s as
functions of the 2z’s and these expressions are substituted in (1.11), the
resulting equations give the relations between the x’s and the 2z’s. In
order ‘that the latter be projective codrdinates, it is necessary that

( % ) _ ( %’ )
dy’y* /o 0702 /o’

from which in consequence of (2.9) it fqllows that the solution ¢ must be

such that
(57
———) =0
0y’ dy*/0
Since ()0 = 1, we have from (2.1) that we must have (%ﬁ) = 0.
. 0
This condition is satisfied by @, defined by (2.7), and this is the only solu-

tion, because r in (2.8) being any homogeneous function of first degree in

the y’s does not satisfy the condition (:—; = 0. Accordingly, if in (2.1)
0

we use the function &, defined by (2.7), the codrdinates # are such that
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as follows from (1.14). We call the 2’s, thus defined uniquely with respect
to the x’s, the projective normal codrdinates of the space corresponding to the
x’s.

3. If we take another general coérdinate system x" and define projec-
tive codrdinates 2, with origin at P by means of the function &’ analogous
to ¢ defined by (2.7), then in consequence of (2.9) and (2.13) we have

i (dx") , (bx’i dx’ dz) , : -(dz)z"
t=—=)=\———)2 =a7|—)-,
dz’ ox’ dz dz'/e dz'/ oz

where the constants a} are defined by

b ” ;
(2= o

Between the projective parameters z and 2’ for the respective coordinate
systems 2z and z”* and the jacobian of the transformation of these co-
ordinates the following relation holds:?

dz’ ?ﬁ'

dz oz

).~ (

g 2
2" =a;z’ — A »t1,
2z

Q‘
oz

)0 =0, (2.14)

2
mEL (3.2)

In consequence of (2.9)

( oz’

oz
Consequently we have

b_x’
-Ox

)= ldf] = 4.

Since the relation between the 2’s and 2"’s is independent of the paths, we
must have

2
’ n+1
g _4n (3.3)
2 f
where f is a determinate function of the z’s. Differentiating this equation
we have :
’ \ 2
@ _1 ( -y z’) AT (3.4)
dz f* oz’ »

From the above equations follow the equations
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. g 57
g =42 (3.5)
f .
The jacobian of this transformation is®
oz’ 1 of > :
—| = - = 2 ) A. 3.6
oz f"""( o7’ 3.6)
Then from (3.2), (3.4) and (3.6) we have
of ;
_— — ZJ = 1,
f o7’

of which the general solution is 1 + ¢, where ¢ is a homogeneous function
of the first degree in the coérdinates 2*. Consequently (3.6) reduces to
oz’ 1

— = — A.
oz a4+ o)™t

In consequence of (2.14), (2.9) and similar equations in the x”’s and
z"s, of (3.7), and the law of multiplication of jacobians we have

d ox’ > (b oz’ ) (ba)
— I — =(—=1 — = — Di—]).
ox* 8 ox /o oz 8 oz |/o (»+1) 02" /o

If then from the transformation of the x’s and x”’s we have constants g;
defined by :

3.7

o ox’ )
— log | — = —gin + 1), 3.8
(bx.g,bxo n + 1) (38)
we obtain ~7) = ga;. Put ¢ = a;2 + p, where p is a homogeneous
function of the first degree. Since we must have (g—;) = 0, it follows
0

that p = 0. Consequently the relation between the z's and z”s is the
linear fractional form
Ho_ a;: zj
1447

where g and g; are defined by (3.1) and (3.8), respectively.

4. In §2 it was seen that by taking for ¢ any solution of equation
(2.5) the codrdinates 2* defined by (2.1) satisfy (2.6), (2.12) and (2.13).
We shall show that there is a solution ¢’ of the equation in the y’’s analogous
to (2.5) for which the cobrdinates z”* are given by (3.9).

"
If we proceed with the equations y”* = ‘;ix,) x' in a manner similar to
0

(3.9
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that which led to (3.3), (3.4), (3.5) and (3.6), we get

2
c a1
x p? o)

,,
A

where p is a function of the y’s. Moreover, since x and x’ are the projec-
tive parameters for the x’s and x’’s, we have?’

(4.1)

*e

’ |2
(% (4.2)
dx ox
If we put
o =2 o+ 4y Y y" (¢ not summed), (4.3)
a; iy

where a; are any constants, because of (4.1) we have
o= —ay +p¢.
In consequence of (4.1) we have

Q0 i _ _ i 90 o0’ *
by,.y ay+ay,.. ¢+by’kb'y

o= (o= 25) (- 27

From (4.1) and (4.2) we have

(4.4)

ox’ 1 ( Op ) | ox’ byl ( Op ,-)12:1
— =40 — — —|. [=|=|lp— — .
ox p Tl g oy 4 ox | 19y’ P oy 4
Hence from (4.4) and (2.5) we have
¢’ ! [y
A SNV R b
¢ dy"? y dy’

which is the analogous equation in the y”’s. Using ¢’ defined by (4.3)
in the definition of the z”, we have the equations (3.9). Thus we have
general sets of coordinates satisfying (3.9) where g; are arbitrary constants.
But these are projective normal coérdinates only when g, defined by (2.7),
and the analogous ¢’ are used for the definition of 2* and 2", and the con-
stants a; are given by (3.8).
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Let ! be an odd prime and { = ¢**}; [ = (1 — {); k the field defined

by ¢ and w and 0 integers in 2 prime to [. Then one way of expressing
the norm residue symbol for the field % is

@0l _ .p
{27y

N(w) — 1 NGO —1
T 0

-2
+ SZ; (=1)°71 1(6) h—s(w) (mod 2);

where

0=ao+01§'+;--+az—2§'l_2,
the a’s rational integers;

ﬂ(e") = Qo + a e’ + aze” + . + al—ze(l—z)v;

100) = [d——s 1°5” 9 (e’)l_o;

N(6) is the norm of 0; with similar definitions for . This symbol has
been treated by a number of writers.!  So far, apparently, the value of
P has always been represented by summation of the type mentioned
"above or analogous to it. In the present note I shall give a method for
carrying out this summation. To effect this we expand the expression



